The presence of quantum correlations in a quantum state is related to the state's response when perturbed by a local unitary operation. Such response is characterized and quantified by means of the Bures distance, which enjoys the unique property of being both Riemannian and contractive under completely positive and trace preserving local stochastic maps. We show that the discord of response, namely the Bures distance from the set of unitarily perturbed states, satisfies the basic axioms for a proper measure of quantum correlations and discuss its operational interpretation in terms of state distinguishability. We compute analytically the discord of response for two-qubit states with maximally mixed marginals and we identify the maximally quantum correlated two-qubit states, which exhibit a highly nonlinear dependence on the global state purity.
I. INTRODUCTION
The characterization, quantification, and physical interpretation of quantum correlations more general than entanglement have been the subject of intensive investigation in recent years [1] . Early seminal works have identified quantum correlations between two parties, A and B, in a bipartite quantum state by introducing the quantum discord, namely the difference between the two classically equivalent, but quantum inequivalent, entropic formulas for the mutual information [1] [2] [3] [4] . It occurs that the discord is in general non vanishing not only for entangled states, but also for any separable state ̺ AB which is not locally convertible via a local change of basis to a so-called classical-quantum state, namely a state of the form
where {|i A } is the set of states forming an orthonormal basis in the state space of subsystem A and the ̺
B are arbitrary states in the state space of subsystem B.
On general grounds, any bona fide measure of quantum correlations must satisfy the following minimal set of axioms [1, 5, 6 ]:
• I) it must vanish if and only if the state is a classical-quantum state of the form (1) (faithfulness criterion);
• II) it must be invariant under local unitary transformations; * Corresponding author: illuminati@sa.infn.it
• III) it must be non-increasing under local completely positive and trace preserving (CPTP) maps (quantum channels) acting on subsystem B;
• IV) it must reduce to an entanglement monotone if ̺ AB is a pure state.
The entropic quantum discord satisfies all these axioms. On the other hand, its evaluation requires the highly nontrivial minimization of the entropic functions over all possible local Positive Operator-Valued Measure (POVM) measurements on part A, which implies challenging computational difficulties. This drawback has motivated the search for alternative measures of quantum correlations satisfying the basic axioms and at the same time being computationally tractable [3, [7] [8] [9] [10] . A further, important aspect in the study of quantum correlations concerns their operational interpretation, namely the role that they might play as quantum resources with no classical counterpart in protocols of quantum technologies, ranging from quantum computation and information to metrology and sensing [11] [12] [13] [14] [15] [16] [17] [18] [19] . The operational meaning and the reliability with respect to the basic axioms are thus the relevant guiding principles that need to be considered when looking for computable measures of quantum correlations.
The fact that the entropic discord vanishes on the classical-quantum states has been used to define a geometric version of the discord, δ G (A|B), which characterizes the nonclassical features of a state ̺ AB by quantifying its Hilbert-Schmidt distance from the set of classicalquantum states, in complete analogy with the geometric measures of entanglement defined in terms of distances from the set of separable states [8, 20, 21] . Operational interpretations of the geometric discord have been proposed in terms of remote quantum state preparation and the entanglement that is created between a given quantum system and an apparatus performing a measurement on it [21] [22] [23] [24] . Indeed, if ̺ AB is a classical-quantum state, and only in this case, there always exists a local orthogonal projective measurement that leaves the state unchanged. This means that the states with non-zero discord are necessarily changed by a local projective measurement. The same observation applies if one replaces local measurements with local unitary operations: bona fide measures of quantum correlations can be defined by considering the set of all local unitary transformations U A that cannot reduce to the identity, namely those local unitaries with fixed, fully non-degenerate spectrum of eigenvalues as, for example, the spectrum of distinct roots of the unity. The local unitaries falling in this class necessarily perturb quantum states with nonvanishing discord [9, 18] .
A welcome feature of the method based on the response of a quantum state to local unitary perturbations is that it allows to introduce a unified approach to the quantification of entanglement and quantum correlations. Indeed, the bipartite entanglement of response of pure states of composite quantum systems can be quantified by the change induced by least perturbing local unitary operations and can then be extended to a faithful, full entanglement monotone for mixed states by the convex roof construction [25] (see also [26] [27] [28] [29] for earlier related work).
In the present paper we generalize the entanglement of response to the discord of response for mixed states:
Here U A are the local unitary matrices of non-degenerate spectrum of the complex roots of the unity, and D Bu is the Bures distance in the set of states induced by the Uhlmann fidelity:
which is monotonic under CPTP maps Φ, namely:
, and the Uhlmann fidelity
In the following, we will show that the discord of response D R is a faithful measure of quantum correlations satisfying all the basic axioms, reducing to the entanglement of response for pure states, endowed with precise operation meaning, and allowing to define non-trivial instances of maximally quantum correlated states. In fact, the Bures metric, besides being contractive, shares the unique property of being locally Riemannian [30] and therefore emerges as a natural tool in characterizing the distinguishability of quantum states and operations. Seen as a distance between neighboring operators, it is immediately related to the Fisher Information and the Cramer-Rao bound in the assessment of parameter estimation and quantum metrology [31] . These are very important features as, in general, other distances, induced by the Schatten p-norms or their L p infinitedimensional analogs, e.g. the Hilbert-Schmidt distance, are neither Riemannian [30] nor contractive [32] , with the notable exception of the trace distance (p = 1). Indeed, simple functions of the Bures distance and of the Uhlmann fidelity provide exact, a priori lower and upper bounds to the trace distance.
The Bures metric is also related to the distinguishability of two quantum states based on the statistics of POVM measurements. In classical statistics, one can consider as a distinguishability measure the Bhattacharyya coefficient quantifying the overlap between probability distributions [33] . Its quantum version is defined as b(̺ 1 , ̺ 2 ) ≡ min {Ki}∈P OV M i p K i q K i , where the operators {K i }, which satisfy the completeness condition, i K i = ½, define the POVM measurement on the quantum states ̺ 1 and ̺ 2 and induce the output probability distributions p
The quantum Bhattacharyya coefficient b vanishes if the two states are orthogonal, hence perfectly distinguishable; otherwise, it is positive. It turns out that the minimum b over a POVM statistics is achieved at the value [33] . Therefore, the Bures distance is connected to the Bhattacharyya coefficient according to the relation
which expresses how well we can detect which state has been measured, based on the statistics of the measurements.
As already mentioned, the importance of the Bures distance stems also from its intimate relation to the trace distance D T r (̺ 1 , ̺ 2 ) ≡ Tr (̺ 1 − ̺ 2 ) 2 . Indeed, these two distances are topologically equivalent [33, 34] . This means that if two states become closer to each other with respect to one of these measures they are also closer to each other with respect to the other measure. This fact is expressed by the relation
In turn, the trace distance D T r (̺ 1 , ̺ 2 ) has an operational meaning in terms of the minimal error probability P err of judging from which of the two ensembles a given sample comes [33] ,
Since the trace distance is challenging to evaluate in many relevant instance, for instance in the case of repeated sampling [35] or in the case of Gaussian states [36] , useful estimators, such as the quantum Chernoff bound come at hand [35] , and lower and upper bounds on the error probability are provided by the Bures distance, thanks to the relation (5) , that are simple functions of the Chernoff bound if one of the states is pure [36] .
In close analogy, the Bures discord of response expresses how well a state perturbed by a local unitary operation can be distinguished from the unperturbed state or, in other words, how well the given local unitary transformation can be detected in a given quantum state. Only a state possessing some amount of quantum correlations can detect unambiguously any local unitary operation of completely non-degenerate spectrum.
This relation between Bures metric and local unitary perturbations has immediate bearing on such protocols of quantum technology as the interferometric power in quantum metrology [6] , quantum reading capacity [37] , and quantum-enhanced refrigeration [38] . As a prerequisite for these and other possible applications in protocols of quantum technology, in the following we will provide the exact analytical expressions of the Bures discord of response for two-qubit states with maximally mixed marginals, we will determine the structure of the maximally quantum correlated two-qubit states at fixed global purity, and we will discuss the relation between the discord of response and other geometric measures of quantum correlations.
The paper is organized as follows. In Sec. II we introduce the discord of response and discuss its general properties. Its analytical formula for two-qubit states diagonal in the Bell basis is given in Sec. III and its relation to the geometric discord is discussed. In Sec. IV we identify the maximally quantum correlated states with respect to discord of response as a function of the global state purity. Conclusions and possible applications of the discord of response in protocols of quantum technology are discussed in Sec. V.
II. LOCAL UNITARY OPERATIONS, BURES METRIC, AND QUANTUM CORRELATIONS
Let us consider a quantum state ̺ AB on H A ⊗ H B and the set of local unitary transformations U A ≡ U A ⊗ ½ B where ½ B is the identity operator on B while U A belongs to the set of unitary operators, irreducible to the identity, with completely non-degenerate spectrum of complex elements λ i = 1 1/dA [18, 24] . Let us denote by Λ the set of unitary matrices with spectrum {λ i }. If the state is pure and is fully separable, i.e. it can be written as a tensor product of a state defined on A and a state defined on B, there always exists at least one local unitary operator U A that leaves the state ̺ AB invariant [25, 26] . This fact allows to define the entanglement of response, E R ,
where F is the fidelity function
which for pure states reduces to (scalar product) overlap. The entanglement of response can then be promoted to a full entanglement monotone for general mixed states via the convex roof extension of Eq. (6) [25] . The generalization of this procedure to mixed states leads to the definition of a faithful measure of quantum correlations, the discord of response. The basic ingredient paving the way to this generalization is provided by the following proposition.
Proposition 1. If and only if
AB of the form (1), there exists at least one local unitary operator U A ∈ Λ, i.e. in the set of unitary operators with fully non-degenerate spectrum given by the complex roots of the unity, such that
The proof is given in the Appendix. From Proposition 1 it follows that the minimum distance of ̺ AB from the set of states̺ AB = U A ̺ AB U † A , where U A ∈ Λ, satisfies axiom I): it vanishes if and only if ̺ AB is classical-quantum. Verification of the remaining axioms II) through IV) depends on the choice of the distance. Since the Bures distance is unitarily invariant and contractive under CPTP maps, the following quantity is a proper measure of quantum correlations:
This expression defines the (Bures) discord of response. The maximization is performed over the set of all local unitary operations with fully nondegenerate spectrum in the roots of the unity, and the normalization is chosen so that the distance does not exceed unity, with the upper bound achieved by the maximally entangled pure states. Moreover, for pure states D R is a simple monotonic function of the entanglement of response:
Therefore, the discord of response satisfies all axioms for a proper measure of quantum correlations. The discord of response D R , quantifies the distinguishability between quantum states before and after the application of a local unitary operation with nondegenerate spectrum. Equivalently, it quantifies the minimum possible response of a composite quantum system in a given state, subject to local unitary perturbations, by identifying the local operation that induces the least perturbing effect. It is important to understand that this type of distinguishability differs in general from the distinguishability usually considered in the study of quantum correlations, namely how well a local measurement can distinguish between elements of a statistical mixture of quantum states of a composite quantum system.
III. DISCORD OF RESPONSE FOR STATES WITH MAXIMALLY MIXED MARGINALS
In this section we will compute explicitly the general expression (8) for the discord of response in the case of some relevant classes of two-qubit states. Let us now focus on the case in which A and B are qubit subsystems and let us consider a state that admits as eigenvectors of its density matrix the set of the Bell states:
We will parameterize these two-qubit states ̺ γ by the vector of eigenvalues γ = (γ 1 , γ 2 , γ 3 , γ 4 ). One has
Many important instances of two-qubit states belong to this class as, for instance, the Werner states, defined in the Bell basis Eqs. (10) and (11) . In this basis, the Werner states read
(13) For these states one has γ = (f,
Since the states ̺ γ are convex combinations of Bell states, their state reductions to either one of the subsystems are maximally mixed. The analytical expression of the standard geometric discord for this class of states (using the Bures metric) has been reported recently [39, 40] .
The following proposition holds for the discord of response of two-qubit states diagonal in the Bell basis:
Proposition 2. The discord of response D R (̺ γ ) of any two-qubit state diagonal in the Bell basis is
where the minimization is performed over all cyclic permutations of the eigenvalues γ i .
The detailed proof is given in the Appendix. Thus equipped, it is possible to compare the Bures discord of response and the Bures geometric discord defined as [39, 40] :
where F is the Uhlmann fidelity
, and the maximization is performed over the set of all classical-quantum states, Eq. (1). The results of this comparison are illustrated in Fig. 1 , showing that the discord of response always bounds the geometric discord from above. 
We can re-express it as a function of the global state purity P ≡ Tr (̺) 2 . For a given purity P ≤ 1/3, the parameter f can take two values, which yield two different ranges for D R (̺ w ) as a function of P :
The solution D R (̺ w ) + holds only for P ≤ 1 3 . Equations (17) define the upper bounds, as illustrated in Fig. 2 , of the admissible values of the discord of response for general two-qubit states as a function of the global state purity in the ranges (a):
and (e): 0.94 ≤ P ≤ 1. Therefore, in these ranges Werner states are maximally quantum-correlated. In the remaining ranges of the global state purity maximally quantum correlated two-qubit states belong to classes more general than that of Werner states. This finding is at variance with the result that is obtained using as a measure of quantum correlations the geometric discord based on the Hilbert-Schmidt metric [24] . Indeed, this fact illustrates the discrepancy between predictions based on the Hilbert-Schmidt and the Bures distance. The former is a linear function of the global state purity; moreover, it is not contractive under CPTP maps and is thus not a bona fide measure of quantum correlations. The latter is Riemannian, is a bona fide measure of quantum correlations contractive under CPTP maps, and is a highly nonlinear function of the global state purity.
IV. MAXIMALLY QUANTUM CORRELATED STATES
The results of this Section were obtained by extensive numerical analyses performed as follows. Two-qubit states were generated by choosing randomly their eigenvalues and eigenvectors. We have generated 10 7 random two-qubit states with eigenvectors taken as columns of a unitary matrix chosen randomly from the set of uniformly distributed unitary matrices. Candidate upper-boundary states were selected by repeated evaluation of discord and global state purity following infinitesimal perturbations of the states falling in the vicinity of the upper boundaries. The identified maximally quantum-correlated states display a structure similar to that of maximally entangled mixed two-qubit states [41, 42] . The emerging structure of maximally quantum-correlated mixed twoqubit states in the entire range of global state purity is characterized as follows: in the ranges (a) and (e) of Fig. 2, i .e. 
where b is the following nonlinear function of the global state purity: b = 2 + √ 6 √ 3P − 1. Here we pause to observe that the evaluation of the general expression of the discord of response D R , Eq. (8), is greatly simplified when party A is a qubit system and party B is an arbitrary finite-dimensional system. In this case, the unitary transformations U A ∈ Λ are Hermitian and the square root of the fidelity between ̺ AB and
to the sum of the absolute values of the eigenvalues of √ ̺ AB U A √ ̺ AB which, by having the same eigenvalues, is a matrix similar to ̺ AB U A . Therefore, when A is a qubit, the discord of response D R takes the general form
where ξ i (̺ AB U A ) are the eigenvalues of the matrix ̺ AB U A . Using Eq. (19) it is straightforward to conclude that the discord of response
) is constant for all values of the global state purity in the range onto the mixture of a maximally entanglement state (external block) and a separable state (the internal block) [43] , and the discord of response depends only on the entangled term of the decomposition.
In the region (c), corresponding to the range of global state purity 0.39 ≤ P ≤ 0.53, we can identify the states compatible with the upper boundary of the discord of response up to two numerical parameters a 1 and a 2 . The corresponding maximally quantum-correlated states are the following rank 3 states
where K = a 1 + a 2 P , the parameters a 1 ≈ 0.03, a 2 ≈ 0.35 are numerical constants, and c = 
In the region (d) of Fig. 2 , corresponding to the range of values of the global state purity 0.53 ≤ P ≤ 0.94, the maximally quantum-correlated states are rank 2 states of the following form:
We can summarize the results of our analysis as follows. According to the discord of response, the maximally quantum-correlated two-qubit states at fixed global state purity are: In conclusion, maximally quantum correlated states with respect to the discord of response possess a rich structure that is due to the fact that the Bures distance is a highly nonlinear function of the global state purity. Changing the global purity induces marked discontinuities in the rank and the form of the maximally quantum correlated states. It should be noted that a similar feature is shared by maximally entangled mixed states, as first observed in Refs. [41, 42] .
V. OPERATIONAL ASPECTS AND APPLICATIONS
The discord of response is quantified by the Bures distance between a given input state and the output state obtained from it under the action of a local unitary perturbations. From the operational interpretation of the Uhlmann fidelity and Bures metric it stems that the more quantum-correlated a quantum state, the more such state is sensitive to a local unitary perturbation, and the better it can be distinguished from the perturbed state. Therefore, it seems possible to control or tame an external environment by suitable local unitary quantum driving of statistical noise and thermal fluctuations.
These features can be of immediate interest in the context of protocols of quantum technology where distinguishability with respect to local unitary transformations plays a significant role. The detailed theoretical and experimental study of the application of the discord of response to protocols of quantum technology such as quantum refrigeration, quantum reading capacity, quantum metrology and interferometric power, quantum illumination, and related problems is beyond the scope of the present work, which is of general and mathematical nature, and will presented elsewhere [44] . In the following we will only present a brief discussion of how the discord of response can be fruitfully applied to the study of two such protocols of quantum technology. Specifically, we will consider the problem of the quantum reading capacity [37] , in which one needs to distinguish between two or more unitary quantum channels, and a problem of quantum parameter estimation, in which not only the parameter is unknown but also the local driving Hamiltonian is not completely known [6] .
The idea of reading classical data by means of quantum states, yielding a significant advantage over purely classical resources has been recently proposed in Ref. [37] . The data are written on a classical device (in the optical implementation it is a CD-like device) by means of different types of cells. The quantum transmitter which has to extract the encoded information is prepared in an initial state. Passing a cell the transmitter changes its properties in a way depending on the state of the cell, and it is detected. The task is to recognize which cell has occurred based on the output state of the transmitter. Therefore the problem of reading is reduced to the problem of distinguishing the different output states of the transmitter.
The most common implementations are based on optical technologies, see e.g. [45] . In this setting, one has to distinguish between two main coding scenarios depending on the type of transmitters and channels that are used. The first scenario is called "amplitude shift keying" (ASK) in which the changes in the state of the transmitter are caused by the cell-dependent losses of the intensity of the transmitted signal. The second scenario is called "phase shift keying" (PSK). This is a coding without energy losses, which however demands a very high coherence of the transmitter.
If the transmitter is quantum, the cells play the role of quantum channels. The ASK scenario is an instance of dissipative channel coding, while in PSK we have a coding by means of the unitary transformations. It has been shown, particularly in the low energy regime, that the transmitters which are quantum (entangled, squeezed etc.) can provide some advantages over the classical states (convex combinations of coherent states) in both the ASK and PSK scenarios [37, 45] .
The probability of error in the discrimination between the output states of the transmitter after passing channel Φ 1 or Φ 2 is given by the Helstrom formula
where D T r is the trace distance. In the binary, loss-free coding only two channels are needed. Without loss of generality we can assume that one of them is the identity and the second one is a local unitary transformation U A . For a given transmitter ̺ AB we can introduce the device-independent characteristic of the quantum reading by assuming the worst case scenario and maximizing the error probability over all local unitary operations U A with non-degenerate spectrum of the roots of unity. One then obtains the probability of error expressed in terms of the discord of response defined by means of the trace distance. This type of discord of response characterizes the difference between the maximal probability of error in the above scenario and the classical head-tail value 1/2, i.e. the absolute maximum of the error probability.
Computing trace-distance based quantities is in general a formidable task [35, 36] , and therefore it is useful to provide exact, explicit bounds for them. The Bures distance discussed in this work provides such bounds according to Eq.(5), and allows to show the crucial advantage of quantum reading over the classical reading. In particular, our results imply that the states with large discord of response are able to read any coding by means of local unitary transformations with non-degenerate spectrum, while this is impossible for classical-quantum transmitters, i.e. transmitters with vanishing discord of response.
The results of the present paper can also find interest in the context of metrology, particularly for interferometry and phase estimation [6] . In such problems one has to estimate some unknown phase φ introduced at one arm of an interferometer by a unitary transformation e iφH , while the generating Hamiltonian H is either unknown or characterized only by its spectrum. The precision of the phase determination is estimated by the interferometric power, a function of the quantum Fisher information F dependent on the probing state and the generating Hamiltonian H. Not knowing explicitly H, one has to minimize the Fisher information over all H in order to characterize the precision of the phase estimation. It has been found in that the interferometric power
is nonvanishing only for discordant states and can be suitably maximized, e.g. with experimental setups based on NMR technology [6] . In this scenario, for local generating Hamiltonians H A we can characterize the sensitivity of the probed state on the action of e iφHA and the related interferometric power by the Bures distance between the state perturbed locally by e iφHA and the unperturbed state after minimization over all local Hamiltonians H A with non-degenerate spectrum in the roots of unity. Such a measure vanishes if and only if there exists a local Hamiltonian which does not disturb the probing state. As a consequence, the results presented in Sec. IV of the present work allow to identify the states of a given purity which are most sensitive to the action of unknown local Hamiltonians and maximize the interferometric power.
Suppose that ̺ AB is a classical-quantum state as given in Eq. (1). Then any local unitary operator with eigenstates {|i A } will not change the state, i.e. Eq. (7) is satisfied. Now we will show the other direction by contradiction. Suppose that Eq. (7) holds true for some state which is not classical-quantum and hence can be written as
where L B ij are local operators on part B of the system. Since ̺ AB is not a classical-quantum state, there must exist at least one pair of indexes k and l with k = l such that L B kl = 0. Let the corresponding local unitary operator be U A = i λ i |i A i A | with eigenstates |i A and eigenvalues λ i .
If Eq. (7) must be satisfied by the state in Eq. (A1), then the following equation must also be satisfied:
The left hand side of this equation becomes
kl , while the right hand side can be written as k A |̺ AB |l A = L B kl . On the other hand, since U A has a nondegenerate spectrum, it follows that Eq. (A2) can never be satisfied.
Proof of Proposition 2
Recalling the formula for the discord of response D R for two-qubit states given by Eq. (19), we need to compute the eigenvalues of ̺ γ U A using the notation of Eq. (12) and the decomposition U A = cos φ 1 sin φ 2 σ x + sin φ 1 sin φ 2 σ y + cos φ 2 σ z . (A3) The calculation of the eigenvalues of ̺ γ U A ≡ ̺ γ (U A ⊗I B ) is straightforward:
where Z(φ) = (γ 1 γ 3 + γ 2 γ 4 ) cos 2 (φ) cos 2 (θ) (A6) +(γ 2 γ 3 + γ 1 γ 4 ) sin 2 (φ) cos 2 (θ) + (γ 1 γ 2 + γ 3 γ 4 ) sin 2 (θ).
Next, we notice that we can dismiss the absolute values due to the positivity of the inner expressions, which is guaranteed by the following inequality:
Proof. Proof of the above inequality goes as follows.
Without loss of generality, we can assume that (γ 1 γ 3 + γ 2 γ 4 ) ≥ (γ 2 γ 3 + γ 1 γ 4 ) and (γ 1 γ 2 + γ 3 γ 4 ) ≥ (γ 2 γ 3 + γ 1 γ 4 ). Then:
Z(φ) = (γ 1 γ 3 + γ 2 γ 4 ) cos 2 (φ) cos 2 (θ) (A8) +(γ 2 γ 3 + γ 1 γ 4 ) sin 2 (φ) cos 2 (θ) + (γ 1 γ 2 + γ 3 γ 4 ) sin 2 (θ)
and we can omit the absolute values in Eq. (A5).
Finally, to determine the maximum of M as a function of φ and θ, we evaluate the first derivatives:
− (γ 1 γ 3 + γ 2 γ 4 ) cos 2 (φ) − (γ 2 γ 3 + γ 1 γ 4 ) sin 2 (φ) .
where
We observe that the denominators cannot vanish, so that the extremes are determined only if the numerators vanish, i.e. for θ = 
